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On Weber’s Class Number Problem and Cyclotomic Unit

Let f = 2n+2 ≥ 8 and βj = cos(2jπ/f). Set K = Q(β1), (deg K = f/4)

and hn = h(K). Weber calculated h1 = h2 = h3 and conjectured hn = 1

always holds for n ≥ 1. Later Bauer and Masley showed h4 = 1 and Linden

showed h5 = 1. Recently K.Horie initiated a project of proving this conjecture

of Weber’s. Fukuda and Komatsu made a progress.

They use the identity of hn and the index of the cyclotomic units of K in the

full unit group of K. Horie isolated a relative units among them and related

them with the ratio hn/hn−1.

Therefore, a lower bound on the size of a relative units is important.

Then, β1 7−→ βk induces an automophism of K, which sends α ∈ K to

ασ(j) ∈ K. The field K is equipped with the metric α ∈ K 7−→ ∥α∥ =√
(α2σ(1) + α2σ(3) + · · · + α2σ(f/2−1))/ deg K.

Let ϵ be a unit of K so that its norm to the unique subfield of K of degree

deg K/2 equals −1. Then, we prove ∥ϵ∥ ≥ f/2 − 1.
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